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Section I

10 marks
Attempt Questions 1–10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1–10.

1. Which of the following is NOT equivalent to ‘If n is even, then n2 is a multiple of 4’?

A) n is even ∴ n2 is a multiple of 4;

B) n2 is a multiple of 4 if n is even;

C) n2 is a multiple of 4 ∴ n is even;

D) n is even implies that n2 is a multiple of 4.

2. Let In =
∫

xneax dx. Which of the following is the correct expression for In?

A) In =
xneax

a
−nIn−1;

B) In =
xneax

a
− n

a
In−1;

C) In =
xneax

a
+nIn−1;

D) In =
xneax

a
+

n
a

In−1.

3. The acceleration of a particle moving in a straight line with velocity v is given by ẍ = v2.
Initially v = 1. What is v as a function of t?

A) v = 1− t;

B) v = ln |1− t|;

C) v =
t

1− t
;

D) v =
1

1− t
.

4. The negation of the statement ∀x ∈ R, ∃y ∈ R such that 2x+3y = 12 is:

A) ∀x ∈ R, ∃y ∈ R such that 2x+3y 6= 12;

B) ∃x ∈ R such that ∀y ∈ R 2x+3y 6= 12;

C) ∀x ∈ R, ∀y ∈ R 2x+3y 6= 12;

D) ∃x ∈ R, ∃y ∈ R such that 2x+3y 6= 12.
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5. The sketch of the curve in the shape of saddle is drawn on the left. The curve has two peaks at

t =
π

4
,
5π

4
and two troughs at t =

3π

4
,
7π

4
, shown on the right. Which of following parametric

equations are represented by the given curve:

A) x = sin t, y = cos2t, z = sin t;

B) x = sin t, y = cos t, z = sin2t,;

C) x = sin2t, y = cos t, z = sin t;

D) x = sin2t, y = cos t, z = sin2t.

6. Which of the following complex numbers equals (
√

3+ i)4

A) −2+
2√
3

i;

B) −8+
8√
3

i;

C) −2+2
√

3i;

D) −8+8
√

3i.

7. The line l1 has vector equation r1 = i+λ (j−k) and the line l2 has vector equation
r2 = (3i+2j−k)+µ(2i+k). Which of the following statements is correct?

A) l1 and l2 are parallel;

B) l1 and l2 are perpendicular;

C) l1 and l2 intersect at a point;

D) l1 and l2 are skew.

8. Which of the following is an expression for
∫ 4x2−5x−1

(x−3)(x2 +1)
dx

A) ln[(x−3)(x2 +1)]+C;

B) ln[(x−3)2(x2 +1)]+C;

C) ln[(x−3)(x2 +1)]+ tan−1 x+C;

D) ln[(x−3)2(x2 +1)]+ tan−1 x+C.
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9. What is the solution to the equation z2 = iz̄

A) (0,0) and (0,1);

B) (0,0) and (0,−1);

C) (0,0), (0,−1), (−
√

3
2

,
1
2
) and (

√
3

2
,
1
2
);

D) (0,0), (0,1), (−
√

3
2

,
1
2
) and (

√
3

2
,
1
2
);

10. A particle of unit mass m is projected vertically upwards with an initial velocity of u ms−1 in
a medium in which the resistance to the motion is proportional to the square of the velocity
v ms−1 of the particle or mkv2. Let x be the displacement in metres of the particle above the
point of projection, O, so that the equation of motion is ẍ = −(g+ kv2) where g ms−2 is the
acceleration due to gravity and k is constant proportional to g, given as k = 0.01g.
Which of the following gives the correct expression for the time taken?

A) t =
100

g

(
tan−1 u

10
− tan−1 v

10
)
;

B) t =
10
g

(
tan−1 u− tan−1 v

)
;

C) t =
10
g

(
tan−1 u

10
− tan−1 v

10
)
;

D) t =
100
g

(
tan−1 u− tan−1 v

)
.

End of Section I
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Section II

90 marks
Attempt Questions 11–16
Allow about 2 hour and 35 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11. (15 marks) Use the Question 11 Writing Booklet

(a) State whether each statement is true or false, justifying your answer.

(i) ∀n ∈ N, n2 > n 1

(ii) ∃x ∈ R such as x2 +1 = 0 1

(iii) ∀x ∈ R, ∃y ∈ N such as x+ y = 10 1

(b) It is given that f (z) = z4 +2
√

2z3 + z2 +8
√

2z−12 . One of the roots of the equation f (z) = 0
is given by 2i. By factorising f (z) as a product of two quadratic factors, obtain the other roots
of the equation.

3

(c) Find the integral: ∫ earctanx + x ln(1+ x2)+1
1+ x2 dx 2

(d) The displacement of a particle moving in a straight line, s m, at time x seconds is given by
s = sin4x+2sin2x+2.

(i) Show that the velocity of the particle at time x seconds is given by

v =
8

(1+ t2)2 (1−3t2) ms−1, where t = tanx 2

(ii) Hence find the value of x where 0≤ x≤ π for which the displacement is
maximised.

2

(e) Find the solutions of the integral equation with respect to a, for 2≤ a≤ 3, of∫ a

0
cos(x+a2)dx = sina 3
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Question 12. (15 marks) Use the Question 12 Writing Booklet

(a) A complex number z1 is given by z1 = a+(a− 3)i, where a is a positive real constant. It is
given that arg z1 = θ , where −π

2
< θ < 0.

(i) Find, leaving your answer in terms of θ ,

(α) arg(−2z1), 1
(β ) arg(z1−2a). 2

(ii) Another complex number z2 is given by z2 = 1+ 3i. Without using a calculator, find the
range of values of a such that

|z1z2|2

Im(z1z2)
≤ 10

4

(b) Prove that a four-digit number is divisible by 11 if and only if the difference between the sum
of its even digits and the sum of its odd digits is a multiple of 11 (including zero).
Hint: Divide 1001 by 11. 3

(c) (i) Differentiate cot3 x 1

(ii) Differentiate cot5 x 1

(iii) Using derivatives from (i) and (ii) find the integral of∫ π

2

π

4

cot6 xdx 3
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Question 13. (15 marks) Use the Question 13 Writing Booklet

(a) (i) if k is an integer where k ≥ 3 and (k−1)(k+1)< k2, show that

1
(k−1)k(k+1)

>
1
k3

1

(ii) Given that Sn =
1
33 +

1
43 +

1
53 + . . .+

1
n3 =

n

∑
3

1
k3 , use partial fractions from previous part

or otherwise to prove that Sn <
1

12
. 3

(b) Let p and q be positive real numbers with
1
p
+

1
q
= 1. Prove that

(i)
1
3
≤ 1

p(p+1)
+

1
q(q+1)

≤ 1
2 2

(ii)
1

p(p−1)
+

1
q(q−1)

≥ 1 2

(c) An object is moving on a horizontal plane and at position x metres from the origin it has accel-

eration (ẍ m s−2) given by ẍ = 0.01
(

x+
64
x3

)
. Initially the object is 4 metres to the left of the

origin and moving to the left at a speed of

√
3

5
m s−1.

(i) If the velocity of the object is v m s−1, show that

v2 = 0.01
(x4−64

x2

)
. 2

(ii) Explain why the velocity of the object at a position x metres from the origin is given by

v =

√
x4−64
10x

. 1

(iii) Find, correct to the nearest second, the time to reach a position 50 metres to the left of the
origin.

4
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Question 14. (15 marks) Use the Question 14 Writing Booklet

(a) Let a1,a2, . . . ,an be positive real numbers such that a1a2 . . .an = 1. Prove that

(a2
1 +a1)(a2

2 +a2) . . .(a2
n +an)≥ 2n.

3

(b) (i) A parachutist of mass 90 kg jumps out of an aeroplane at a height of 100 m. The acceler-
ation due to gravity is 10 m/s2.
Derive the vertical velocity functions v m/s2 in terms of displacement x for the parachutist,
if the initial velocity is u m/s2 and there is:

(α) no resistance force during free fall; 2
(β ) a resistance force of 0.27v2 Newtons when parachute is open. 3

(ii) A parachutist jumps from rest, and opens his parachute 60 m from the ground.

(α) Find the vertical velocity when parachute is open. 1
(β ) Find the vertical velocity (1 decimal place) on landing. 2
(γ) What percentage (to the nearest whole percent) is the landing velocity compared to

the terminal velocity? 2

(c) Let a, b, c be positive integers. Prove that it is impossible for all three numbers a2 + b+ c,
b2 +a+ c, c2 +a+b to be perfect squares.

2
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Question 15. (15 marks) Use the Question 15 Writing Booklet

(a) Consider the following vector equation r = (2+λ ) i+(3−λ ) j +(4−2λ )k.

(i) Find the coordinates of the points where the line r cuts the coordinate planes, where
point A is on xy plane, point B is on xz plane, and point C is on yz plane. 3

(ii) Find the vector projection of
−→
OC onto

−→
AB 1

(iii) Find the area of ∆OAC correct to 3 significant figures. 2

(b) Let In =
∫ π

2

0

(
sinx

)n dx, where n is an integer n≥ 0.

(i) Using integration by parts, show that for n≥ 2, 3

In =
(n−1

n

)
In−2

(ii) Deduce that 3

I2n =
2n−1

2n
· 2n−3

2n−2
...

3
4
· 1

2
· π

2
and I2n+1 =

2n
2n+1

· 2n−2
2n−1

· ... · 4
5
· 2

3
·1

(iii) Explain why 1

Ik > Ik+1

(iv) Hence, using the fact that I2n−1 > I2n and I2n > I2n+1, show that 2

π

2

( 2n
2n+1

)
<

22 ·42 · ...(2n)2

1 ·32 ·52 · ...(2n−1)2 · (2n+1)
<

π

2
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Question 16. (15 marks) Use the Question 16 Writing Booklet

(a) A complex number z is given by z = rei π

n , where 0 < r < 1 and n is a positive integer with n≥ 3.
The numbers 1, z, z2, ... , zn can be represented by the points P0, P1, P2, ... , Pn respectively
in an Argand diagram. The (n+1)-sided polygon formed by using P0, P1, P2, ... , Pn is called
the (n+1)-polygon generated by z. An example of a (3+1)-polygon generated by z is shown
in the following Argand diagram (not drawn to scale).

Let z =
1
4
(1+
√

3i) for parts (i) to (iii).

(i) Express z in the form reiθ where r > 0 and 0 < θ ≤ π . 2

(ii) Hence write down z2 and z3 in similar form. 2

(iii) Find the exact area of triangle OP0P1, where O is the origin. Hence find the exact
area of the (3+1)-polygon generated by z. 4

Let z =
1
2

rei π

n for parts (iv)

(iv) Find the area of an (n+1)- polygon generated by z in terms of n, leaving your
answer in the form a(1−bn)sin

π

n
, where a and b are real numbers to be

determined.

3

(b) (i) Consider triangle ABC, where
−→
AB = b and

−→
AC = c. Find a vector (in terms of b and c)

which bisects the angle ∠CAB. 1

(ii) On the same triangle ABC, D and E are points on the sides AC and AB of the triangle,
respectively. Also, DE is not parallel to CB. Suppose F and G are points of BC and ED,
respectively, such that BF : FC = EG : GD = BE : CD. Show that GF is parallel to the
angle bisector of ∠CAB. 3

End of Examination
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